Abstract. Young's lattice of a partition λ consists of all partitions whose Ferrers diagrams fit inside λ. Several infinite families of partitions are given whose Young's lattice is not rank unimodal. Some related problems are discussed.
Introduction.
It is well known that the q-binomial coefficient
is a symmetric unimodal polynomial in q (see, e.g. [1, §3.5] ). Recall that a sequence of integers a i is unimodal if there exists an integer N such that
A polynomial is called unimodal if its sequence of coefficients is unimodal. For the q-binomial coefficient in (1.1), N = nm/2, half of the degree of the polynomial. Combinatorially, the q-binomial coefficient has the following interpretation. If a i is the number of partitions of i which lie inside an n × m rectangle, then a i is the coefficient of q i in (1.1). This is another way of saying that the q-binomial coefficient is the generating function for all partitions which lie inside an n × m rectangle. These partitions are the elements of a lattice called Young's lattice, whose order relation is given by containment of the respective Ferrers diagrams.
Instead of a rectangle, we can consider Young's lattice for any partition λ. Let λ = (λ 1 , λ 2 , . . . , λ k ), where λ 1 ≥ λ 2 ≥ · · · ≥ λ k ≥ 1, and call the lattice Y λ . The purpose of this paper is to study the unimodality properties of Y λ .
We let G(Y λ )(q) be the generating function for all partitions which lie inside λ. If λ ′ denotes the conjugate of the partition λ, it is clear that
We will call a partition λ unimodal if G(Y λ )(q) is a unimodal polynomial. Note that the non-unimodality of λ is equivalent to the following condition on the coefficients b i of (1 − q)G(Y λ )(q). There is some i < j satisfying b i < 0 and b j > 0. In §2 we give the data from the programs which were written for this problem. The theorems which are suggested from the data are stated and proved in §3. Some final remarks, including observations and conjectures, are given in §4. We will use the notation ⌊x⌋ and ⌈x⌉ for the greatest integer ≤ x and the least integer ≥ x respectively. †School of Mathematics, University of Minnesota, Minneapolis, MN 55455. This work was partially supported by a fellowship from the Sloan Foundation, and by NSF grants DMS:8500958 and DMS:8700995.
Typeset by A M S-T E X It is true that all partitions of n ≤ 23, or all partitions which lie inside a 7 × 7 square, are unimodal. The following table lists the non-unimodal partitions of n ≤ 36. Because of (1.2), we list only one of λ and λ ′ . The value of i for which unimodality fails, and the three offending values a i−1 , a i , and a i+1 are also given. Table 3  Table 4 gives the number of partitions of n (p(n)) and the number of nonunimodal partitions of n (N U (n)) for n ≤ 50. Table 4 3. Theorems.
Unfortunately it is not possible to completely classify the non-unimodal partitions λ. In this section we will give several infinite families of partitions which are not unimodal in Theorems 3, 4, 5, 6, 8, and 9. We also give in Theorems 7 and Theorem 11 two infinite families of unimodal partitions.
From Table 2 it appears that the following theorem holds.
Theorem 1. The partition λ = (2k, 2k, 4, 4) is non-unimodal for k ≥ 4 at i = 2k + 7, with consecutive differences of -1 and 1.
We do not prove Theorem 1 here, because Theorem 3 generalizes Theorem 1. Table 2 also indicates that a similar theorem should hold for (2k, 2k, 11, 11). Note that both 4 and 11 occur on Table 3 for a = 90. Then Table 3 Again Table 3 indicates that a similar theorem may hold for 8, 15, 16, 22, 23, 30, 31, 37, 38, and 43.
We now come to the theorems for partitions λ = (a, a, b, b) which give the above two sequences of b ′ s, and generalize Theorems 1 and 2.
Theorem 3. Let a be an even integer satisfying
and
Proof. We prove Theorem 3. A straightforward but tedious calculation shows that
Clearly each term in (3.1) can be expanded in a Taylor series in q, with coefficients of q n which are pseudo polynomials in n [7, §4.4]. Assume for the time being that a ≥ 4b + 5. Then for n in the interval from a + 1 to a + 2b + 2, only the first four terms of (3.1) contribute. A MACSYMA run using these explicit pseudo polynomials shows that the coefficient of q a+j+1 is (3.2) 3b
for a even and j even,
for a even and j odd,
for a odd and j even,
for a odd and j odd.
Some elementary algebra then implies Theorem 3 for a ≥ 4b + 5. This inequality on a may be relaxed to 4b + 5 ≤ a + ⌊ √ 3(b + 1)⌋, so that the four terms of (3.1) still contribute to the two offending terms. Table 2 .) Moreover a > 2b is not sufficient, for b = 35, a ≥ 78. It is possible to give a general theorem in the range 2b + 2 ≤ a + 1 ≤ 3b + 3, but the inequalities are not as nice as condition (2) in Theorem 3. For the range 3b/2 + 1 ≤ a + 1 ≤ 2b + 1, for example (11, 11, 6, 6), there is another simple sufficient condition, which we state in the next two theorems.
Theorem 5. If k ≥ 2 and 2 ≤ t ≤ (1 + √ 1 + 24k)/4, then the partition λ = (3k +t, 3k +t, 2k, 2k) is non-unimodal at i = 6k +2t−1. The consecutive differences are
6 .
Theorem 6. If k ≥ 2 and 2 ≤ t ≤ (1 + √ 1 + 24k)/4, then the partition λ = (3k + t + 2, 3k + t + 2, 2k + 1, 2k + 1) is non-unimodal at i = 6k + 2t + 3. The consecutive differences are
Proof. This time three terms of (3.1) contribute to the coefficient of q 3b+3+j , for 0 ≤ j ≤ a − b. The terms given in Theorems 5 and 6 are the differences given by MACSYMA, and the inequality on t insures that the differences are negative and positive.
Next we see that Table 1 lists partitions with four or six parts, which suggests that a partition with at most three parts is unimodal. This is true, and we will give a proof similar to the proof of Theorems 5 and 6. However the computations can be simplified by using the following lemma. Lemma 1. For any partition λ = (λ 1 , λ 2 , . . . , λ k ), we have
where Z is the set of all partitions inside λ whose first two parts are equal, and µ is the partition (λ 2 , λ 3 , . . . , λ k ).
Proof. Let A = {∅, 1} and consider the set Y × A whose generating function is (1 − q)G(Y λ )(q) if the sign of 1 ∈ A is −1. A sign-reversing involution σ on Y × A is given by σ((γ, ∅)) = (µ, 1), where µ = (γ 1 − 1, γ 2 , . . . , γ k ) if γ 1 > γ 2 ; and σ((γ, 1)) = (µ, ∅), where µ = (γ 1 + 1, γ 2 , . . . , γ k ) if γ 1 < λ 1 . Clearly the fixed points of σ have γ 1 = γ 2 or γ 1 = λ 1 , whose generating function is given in Lemma 1.
Proof. An easy calculation shows that Lemma 1 implies Corollary 1, where the first four terms of (3.3) are G(Z)(q) and the last four terms are −q a+1 G(Y µ )(q).
Theorem 7. If λ has at most three parts, then λ is unimodal.
Proof. We indicate the proof if λ has three parts. From Lemma 1, we see that (1 − q)G(Y λ )(q) is the difference of two terms which are given explicitly in Proposition 1. If each term were unimodal, we could conclude in this case that λ is unimodal. Unfortunately, this is not true, but a careful case-by-case analysis shows that λ is unimodal.
The next observation is that the non-unimodal λ in Table 1 (1) [(3k + t, 3k + t, 2k, 2k − ⌊(2k + 3 − 2t)/4⌋), (3k + t, 3k + t, 2k, 2k)] or (2) [(3k + t + 2, 3k + t + 2, 2k + 1, 2k + 1 − ⌊(2k − 1 − 2t)/4⌋), (3k + t + 2, 3k + t + 2, 2k + 1, 2k + 1)].
By considering the non-unimodal partitions of n ≤ 50, two more infinite families, each singly indexed, can be found: (k + 2, k, k, k), for k = 10 or k ≥ 12, nonunimodal at i = 2k + 3; and (2k + 4, 2k + 4, 2k + 4, 2k + 2) for k ≥ 4, at i = 4k + 7. In fact, the cases (a, a, a, b) and (a, b, b, b) could be done just as (a, a, b, b) was, but we shall be content to give these two families. In the first case cells from two different rows may be deleted to create non-unimodal intervals.
Theorem 9. Any partition in the following intervals is non-unimodal:
( Proof. First we verify the non-unimodality claim for (k + 2, k, k, k). This follows from
and some lengthy calculations involving the appropriate pseudo polynomials. The second part is verified by noting that (2k+4, 2k+4, 2k+4, k) and (2k+4, 2k+2, 2k+ 2, 2k + 2) contain the same partitions of i for i ≤ 4k + 3. For i = 4k + 6, 4k + 7, and 4k + 8 respectively, (2k + 4, 2k + 4, 2k + 4, k) contains 1, 2, and 4 partitions that (2k + 4, 2k + 2, 2k + 2, 2k + 2) does not contain. Similarly for i = 4k + 6, 4k + 7, and 4k + 8, (2k + 4, 2k + 2, 2k + 2, 2k + 2) contains 2, 3, and 5 partitions that (2k + 4, 2k + 4, 2k + 4, k) does not contain. Thus the consecutive differences are the same at i = 4k + 7 and i = 4k + 8, which establishes (2).
How many non-unimodal partitions of n are there? Table 4 and Theorem 8 imply that these numbers are non-zero for n ≥ 30. The intervals of Theorem 8 or Theorem 9 imply the following theorem. It is very likely, however, that this number grows much more rapidly than Theorem 10 asserts.
Theorem 10. As n → ∞, the number of non-unimodal partitions of n is at least cn 2 .
We also see from Table 4 that the number of non-unimodal partitions of n is even for n ≤ 50. In view of (1.2), this could suggest that self-conjugate partitions are unimodal. In fact, no self-conjugate partition appears on the list of all nonunimodal partitions of n ≤ 50. Moreover, all self-conjugate partitions of n ≤ 124 are unimodal. The following theorem is a partial result in this direction.
Theorem 11. If λ is any self-conjugate partition whose Durfee square has size at most two, then λ is unimodal.
Proof. We may assume that the Durfee square of λ has size two, λ = (a + 2, b + 2, 2 b , 1 a−b ), where b ≤ a. If we apply Lemma 1 to λ we find
and It would appear very unlikely that Observations 1-3 are theorems, rather they are properties of the infinite families that have been found so far. This has been checked for 5 parts with part size ≤ 30, 7 parts with part size ≤ 15, and 9 parts with part size ≤ 10. Again it appears that there is just not enough data in this case. It is remarkable that (10, 9, 9, 9, 9, 9) is non-unimodal, being so close to (9, 9, 9, 9, 9, 9), which is unimodal. These three examples have resisted all attempts to be placed in an infinite family.
Observation 6. The probability that a partition of n is non-unimodal roughly decreases to .00014 at n = 52.
The word "roughly" is used because the probability is not strictly decreasing. For 42 ≤ n ≤ 52 the probability lies between .00014 and .00030. (The last integer for which it has been computed is n = 52.) One might conjecture that the probability → 0 as n → ∞. Conjecture 2 has been verified for n ≤ 22. The generating function was considered by Carlitz [2] . It is also related to the Rogers-Ramanujan continued fraction [4, §19.15] . If G n (Y λ )(q) is the generating function for λ = (n − 1, n − 2, . . . , 1), and G 0 (Y λ )(q) = 1, it is well-known [3] that G n (Y λ )(q) is q-analogue of the nth Catalan number. It is not hard to see that . Susanna Fishel and the author have shown that the Young's lattice of any partition of n ≤ 26 has the Sperner property. Finally, it is clear that one would not have found the infinite families of non-unimodal partitions without aid of a computer. What is missing is an algebraic formulation for a general partition λ (see [6] and [8] ).
